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Abstract
In this paper, we present some fixed-point theorems for families of weakly non-expansive maps under
some relatively weaker and more general conditions. Our results generalize and improve several results due
to Jungck [G. Jungck, Fixed points via a generalized local commutativity, Int. J. Math. Math. Sci. 25 (8)
(2001) 497–507], Jachymski [J. Jachymski, A generalization of the theorem by Rhoades and Watson for
contractive type mappings, Math. Japon. 38 (6) (1993) 1095–1102], Guo [C. Guo, An extension of fixed
point theorem of Krasnoselski, Chinese J. Math. (P.O.C.) 21 (1) (1993) 13–20], Rhoades [B.E. Rhoades,
A comparison of various definitions of contractive mappings, Trans. Amer. Math. Soc. 226 (1977) 257–
290], and others.
© 2007 Elsevier Inc. All rights reserved.
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1. Introduction
In the fixed point theory, one of the simplest and the most fundamental theorems is Banach’s
Contraction Principle:
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f :X → X be a map. If there exists a constant c ∈ [0,1) such that for all x, y ∈ X,
(C.1) d(f (x), f (y)) c · d(x, y),
then f has a unique fixed point u, and limn→∞ f n(y) = u for each y ∈ X.
For many years, people have been trying to weaken or alter the contractive condition (C.1) by
all means in order to improve and generalize Banach’s Contraction Principle. In [27], Rhoades
gathered 25 contractive conditions in order to compare them and obtain fixed-point theorems.
Collaco and Silva [4] presented a complete comparison for the maps numbered (1)–(25) by
Rhoades [27].
The following conditions were discussed by Ciric [3] and Guseman [8], respectively:
(C.2) d(f (x), f (y)) c · max{d(x, y), d(x,f (x)), d(y,f (y)), d(x,f (y)), d(y,f (x))},
(C.3) (f p(x)(x), f q(y)(y)) c · d(x, y).
Fisher [5] discussed another condition
(C.4) d(f p(x), f q(y)) c · diam(Op(x)∪Oq(y)),
where, for any subset X0 ⊂ X, we denote by diamX0 the diameter of X0, that is
diamX0 = sup
{
d(v,w): v,w ∈ X0
}
. (1.1)
The Generalized Banach Contraction Conjecture (GBCC) was established in [12,13,20]
and [21], in which the contractive condition is min{d(f k(x), f k(y)): 1 k  J } c · d(x, y),
where J is a positive integer.
In the above contractive conditions, the authors did not compare d(f (x), f (y)) with d(x, y),
but compare d(f p(x), f q(y)) with the distances between any two points in Op(x,f ) ∪
Oq(y,f ), where p  1 and q  1 are given integers, and
Op(x,f ) ≡
{
x,f (x), . . . , f p(x)
}
. (1.2)
On the other hand, some authors changed the constant c ∈ [0,1) in the contractive condi-
tion (C.1) into a function. For example, the following conditions were discussed by Rhoades [27]
and Guo [6], respectively:
(C.5) d(f (x), f (y)) γ1(d(x, y))d(x, y)+ γ2(d(x, y))d(x,f (x))+ γ3(d(x, y))d(y,f (y))
+ γ4
(
d(x, y)
)
d
(
x,f (y)
)+ γ5(d(x, y))d(y,f (x)),
where γi : [0,∞) → [0,1] is a decreasing function (i = 1, . . . ,5) with ∑5i=1 γi(t) < 1 for all
t > 0,
(C.6) d(f n(x), f n(y)) β(Δn(x, y))Δn(x, y),
where
Δn(x, y) = max
{
d
(
f i(x), f i(y)
)
: i = 0,1, . . . , n− 1}, (1.3)
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sup
{
β(t): t ∈ [a,∞)}< 1, for all a > 0. (1.4)
In [10], Jachymski discussed another condition
(C.7) d(f p(x), f q(y))<Q(diam(Op(x)∪Oq(y))),
where Q : [0,∞) → [0,∞) is an increasing function satisfying
Q(s) < s and lim
n→∞Q
n(s) = 0, for all s > 0. (1.5)
A further method of altering the contractive condition (C.1) is not only to compare with the
past, but also the future. To explain in detail, we not only compare d(f p(x), f q(y)) with the
distances between any two points in Op(x,f ) ∪ Oq(y,f ), but also compare d(f p(x), f q(y))
with the distances between any two points in O(x,f )∪O(y,f ), where
O(x,f ) ≡ {f n(x): n = 0,1,2, . . .}. (1.6)
For example, in [30], Sharma and Thakur discussed the condition
(C.8) d(f (x), f (y)) ad(x, y)+ b[d(x,f (x))+ d(y,f (y))]
+ c[d(x,f (y))+ d(y,f (x))]+ e[d(x,f 2(x))+ d(y,f 2(y))]
+ g[d(f (x), f 2(x))+ d(f (y), f 2(x))],
where a, b, c, e, g are all non-negative real numbers with 3a + 2b + 4c + 5e + 3g  1.
In [15], Jungck discussed another condition
(C.9) d(f k(x), f k(y))Q(d(f n(u), f m(v))),
where u,v ∈ {x, y}, n = n(x, y), m = m(x,y) ∈ N, and Q : [0,∞) → [0,∞) is an increasing
function satisfying limn→∞ Qn(s) = 0 for s ∈ [0,∞). Jungck [15,16] studied some analogous
contractive conditions of semi-groups of self-maps on a T2 semi-metric space, and obtained
a series of fixed-point theorems.
Recently, the study of common fixed points of contractive type maps has received much
attention, and many interesting fixed-point theorems have been obtained, for instance, see
[1,11,14,18,22–26].
The main purpose of this paper is to establish some fixed-point theorems for families of
weakly non-expansive maps under some relatively weaker and more general conditions. Our
results generalize and improve several results due to Jungck [16], Jachymski [10], Guo [6],
Rhoades [27] and others.
2. Weakly non-expansive maps
Throughout this paper, we assume that (X,d) is a metric space, and f :X → X is a map.
Unless otherwise specified, (X,d) is assumed to be not necessarily complete, and f is assumed
to be not necessarily continuous. For any X0 ⊂ X, denote by X0 the closure of X0 in X. Denote
by diam(X0) the diameter of X0, that is, diam(X0) = sup{d(x, y): x, y ∈ X0}. For any x ∈ X,
write O(x) = O(x,f ) = {x,f (x), f 2(x), . . .}. O(x) is called the orbit of x under f . O(x) is
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by Z+ the set of all non-negative integers, and denote by N the set of all positive integers. For any
n ∈ N, write Nn = {1, . . . , n}. For n ∈ Z+, write Zn = {0,1, . . . , n}, and On(x) = On(x,f ) =
{x,f (x), . . . , f n(x)}.
Definition 2.1. f is said to be a weakly non-expansive map if x, y,f (x), f (y), f 2(x), f 2(y), . . .
is a Cauchy sequence (or, it is also said to be a d-Cauchy sequence, see [9]) for any x, y ∈ X.
Definition 2.2. (See [2].) A map f is said to have diminishing orbital diameters if
diam(O(x,f )) > 0 implies limn→∞ diam(O(f n(x), f )) < diam(O(x,f )) for every x ∈ X.
Remark 2.1. Maps with diminishing orbital diameters were discussed by several authors, for
instance, see [2,7,19,29]. It is easy to see that any weakly non-expansive map has diminishing
orbital diameters which actually converge to zero.
By Definition 2.1, the following two propositions are clear.
Proposition 2.1. Let m 2 and n 2 be two given integers. Then the following four statements
are equivalent:
(i) f is a weakly non-expansive map.
(ii) O(x,f ) is a Cauchy sequence for any x ∈ X, and limi→∞ d(f i(x), f i(y)) = 0 for any
x, y ∈ X.
(iii) f (x1), . . . , f (xm), f 2(x1), . . . , f 2(xm), . . . is a Cauchy sequence for any m points x1, . . . , xm
in X.
(iv) f n is a weakly non-expansive map.
Proposition 2.2. Suppose f :X → X is a weakly non-expansive map. Then the following five
statements are equivalent:
(i) There is an orbit of f whose closure is a complete subspace of X.
(ii) The closure of every orbit of f is a complete subspace of X. In other words, X is a f -orbit-
ally complete space [28].
(iii) There exist x0 and w ∈ X such that limn→∞ f n(x0) = w.
(iv) There exists w ∈ X such that limn→∞ f n(x) = w for any x ∈ X.
(v) There exists w ∈ X such that O(x,f ) = O(x,f )∪ {w} for any x ∈ X.
Denote by Φ the set of all maps from [0,∞) to [0,∞). Write
Γ =
{
γ ∈Φ: γ is decreasing, γ (0) = lim
t→0+
γ (t) and γ (t) < 1 for any t > 0
}
, (2.1)
Γ 1 =
{
γ ∈ Γ : γ (t) γ (0)/2 for any t  0}, (2.2)
Q =
{
Q ∈Φ: Q is increasing, and lim
n→∞Q
n(t) = 0 for any t  0
}
, (2.3)
P =
{
P ∈Φ: for any ε > 0, there exists a numerical sequence ε < b1ε < b2ε < · · ·
such that lim biε = ∞ and P
([0, bn+1,ε])⊂ [0, bnε] (n = 1,2, . . .)}. (2.4)i→∞
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functions in Γ , Jachymski [10] and Jungck [15,16] adopted some functions in Q. Obviously, we
have
Proposition 2.3.
(i) Let γ ∈ Γ , and k ∈ N. Define Pγ ∈ Φ by Pγ (t) = γ (t/k) · t (for any t ∈ [0,∞)). Then
Pγ ∈ P.
(ii) Let {γλ: λ ∈ Λ} ⊂ Γ , where Λ is an index set. Define γ ′λ ∈Φ by γ ′λ(t) = max{γλ(t), γλ(0)/2}.
Then γ ′λ ∈ Γ 1. Furthermore, if
∑
λ∈Λ γλ ∈ Γ , then
∑
λ∈Λ γ ′λ ∈ Γ 1.
(What should be pointed out is that, if Λ is an uncountable set, and ∑λ∈Λ γλ ∈ Γ , then in{γλ: λ ∈ Λ} there are at most countable functions which do not identically equal 0.)
Proposition 2.4.
(i) Q(t) < t for any Q ∈ Q and any t > 0.
(ii) Q ⊂ P, and P − Q 
= ∅ (in other words, Q is a proper subset of P).
(iii) Let P ∈ P, β ∈Φ . If β(t) P(t) for any t ∈ [0,∞), then β ∈ P.
(iv) Let P ∈ P. Define P1 : [0,∞) → [0,∞) by P1(t) = sup(P ([0, t))) (for any t ∈ [0,∞)), then
P1 ∈ Q.
For any m ∈ N, write
Qm =
{
Q ∈ Q: lim
t→∞
(
t −Qm(t))= ∞}. (2.5)
Put Q∞ =⋃∞n=1 Qn. By (i) of Proposition 2.4 we obtain
Q1 ⊂ Q2 ⊂ Q3 ⊂ · · · ⊂ Q. (2.6)
Example 2.1. We can present an example to show Qm+1 − Qm 
= ∅ (for any m ∈ N), and
Q − Q∞ 
= ∅.
In fact, define Q∞ : [0,∞) → [0,∞) and Qm : [0,∞) → [0,∞) as follows: Q∞(0) = 0, and
Q∞(k + c) = k, for any k ∈ Z+, c ∈ (0,1],
Qm(t) =
{
Q∞(n2 +m+ 1) if t ∈ (n2 +m,(n+ 1)2], n = m,m+ 1, . . . ,
Q∞(t) otherwise.
It is easy to verify that Q∞ ∈ Q − Q∞ and Qm ∈ Qm+1 − Qm.
Let ϕ :X → [0,∞) be a function, and v ∈ X. If ϕ(v)  lim infi→∞ ϕ(xi) whenever the se-
quence x1, x2, . . . converges to v, then ϕ is said to be lower semi-continuous at v. If ϕ is lower
semi-continuous at every point x ∈ X, then ϕ is said to be lower semi-continuous.
Let f :X → X be a given map. For i, j ∈ Z+ and x, y ∈ X, write{
dij (x, y) = dij2(x, y) = d
(
f i(x), f j (y)
)
,
dij1(x, y) = d
(
f i(x), f j (x)
)
, dij3(x, y) = d
(
f i(y), f j (y)
)
.
(2.7)
Obviously, dij1(x, y) is related only to x, but not to y, and dij3(x, y) is related only to y, but not
to x.
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Tq =
(
Z+ × Z+ × {1}
)∪ (Z+ × {0, q} × {2})∪ {(0, q,3)}. (2.8)
Then Tq is an infinite subset of Z+ × Z+ × N3 (⊂ Z3+).
Proposition 2.5. Suppose that f :X → X is a weakly non-expansive map, and n is a given posi-
tive integer. Define f ∗ :X → [0,∞) by f ∗(x) = d(x,f (x)) (for any x ∈ X). Then the following
ten statements are equivalent:
(i) f has a unique fixed point.
(ii) f has at least one fixed point.
(iii) f n has a unique fixed point.
(iv) f n has at least one fixed point.
(v) f has periodic points.
(vi) f has a unique periodic point.
(vii) There exits x0 ∈ X such that O(x0, f ) is a complete subspace of X, and f ∗|O(x0, f ) is
lower semi-continuous.
(viii) There exist x0 and w ∈ X such that limi→∞ f i(x0) = w, and f ∗|O(x0, f ) is lower semi-
continuous at w.
(ix) There exist {x0,w} ⊂ X, {p,q} ⊂ N and a family of functions {γijk ∈ Γ : (i, j, k) ∈ Tq}
such that limn→∞ f n(x0) = w, ∑(i,j,k)∈Tq γijk ∈ Γ , and for any v ∈ O(x0, f ), we have
d
(
f p(v), f q(w)
)

∑{
γijk
(
dijk(v,w)
) · dijk(v,w): (i, j, k) ∈ Tq}. (2.9)
(x) There exist {x0,w} ⊂ X, {p,q} ⊂ N and a function P ∈ P such that limn→∞ f n(x0) = w,
and for any v ∈ O(x0, f ), we have
d
(
f p(v), f q(w)
)
 P
(
diam
(
O(v,f )∪ {w,f q(w)})). (2.10)
Proof. Since f :X → X is a weakly non-expansive map, the equivalence of (i)–(viii) is clear.
Thus it suffices to prove the implications (i) ⇒ (ix) ⇒ (v) and (i) ⇒ (x) ⇒ (v).
Suppose first that (i) holds. Assume that w is the fixed point of f . Let x0 = w, and p,q be
any two positive integers. Let P and γijk (for any (i, j, k) ∈ Tq ) be all functions on [0,∞) which
are identical to 0. Then both (ix) and (x) hold.
Suppose next that (ix) holds. By (ii) of Proposition 2.3, we may assume that γijk ∈ Γ 1
for all (i, j, k) ∈ Tq . Write b = d(f q(w),w). If (v) does not hold, then b > 0. Put c =∑{γijk(b/2): (i, j, k) ∈ Tq}, then c < 1. Choose ε ∈ (0, b/2] such that c(b + ε) < b − ε, and
choose v ∈ O(x0, f ) such that diam(O(v,f )) < ε. Then, for any (i, j, k) ∈ Tq , γijk(dijk(v,w)) ·
dijk(v,w) γijk(b/2) · (b + ε) whenever dijk(v,w) b/2, and γijk(dijk(v,w)) · dijk(v,w)
γijk(0) · b/2  γijk(b/2) · b whenever dijk(v,w) < b/2. Therefore, from (2.9) we have
dpq(v,w) 
∑{γijk(b/2) · (b + ε): (i, j, k) ∈ Tq} = c(b + ε) < b − ε. On the other hand, we
have dpq(v,w) d(f q(w),w) − d(f p(v),w) b − ε, which leads to a contradiction. Hence,
(ix) implies (v).
Suppose finally that (x) holds. Let d(f q(w),w) = 2b. If (v) is not true, then b > 0. Choose
u ∈ O(x0, f ) such that
diam
(
O(u,f )
)
< min
{
b,2b − P(2b)}. (2.11)
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max
{
b,P (2b)
}
< d
(
y,f q(w)
)
< 3b. (2.12)
By (iv) of Proposition 2.4, we may assume P ∈ Q. By (2.4) there exists n ∈ N such that
Pn
([0,3b])⊂ [0, b]. (2.13)
Write ui = f ip(u). Let vn = un. It follows from (2.10)–(2.12) that there exists vi−1 ∈
O(ui−1, f ) such that
P(2b) < d
(
vi, f
q(w)
)
<P
(
diam
(
O(vi−1, f )∪
{
w,f q(w)
}))
< diam
(
O(vi−1, f )∪
{
w,f q(w)
})= d(vi−1, f q(w)) (2.14)
(i = n,n− 1, . . . ,2,1). Since P is increasing, combining (2.14) and (2.12) we obtain
Pn
(
d
(
v0, f
q(w)
))
>Pn−1
(
d
(
v1, f
q(w)
))
> · · · >P (d(vn−1, f q(w)))
> d
(
vn,f
q(w)
)
> b.
On the other hand, by (2.12) and (2.13) we have Pn(d(v0, f q(w)))  b, which is a contra-
diction. Hence, (x) implies (v). Proposition 2.5 is proven. 
In the following sections, we will have a focal discussion on the conditions under which
f is a weakly non-expansive map. According to Proposition 2.5, after we show that f is a weakly
non-expansive map, adding certain other conditions including “X is complete” (or “there is an or-
bit of f whose closure is complete”) and “f is continuous” (or “f ∗ is lower semi-continuous
on the closure of some orbit”), we can obtain immediately the existence and uniqueness of fixed
points of f .
3. Families of weakly non-expansive maps in a semi-group of self-maps
Recall that (X,d) is a metric space. Denote by M(X,X) the set of all self-maps of X, and by
idX or id the identity map of X.
Definition 3.1. Suppose G ⊂ M(X,X). G is said to be a semi-group of self-maps of X if fg ∈ G
for all f,g ∈ G.
We define the “multiplication” operation of a semi-group by composition of maps. If G is
a semi-group, then G ∪ {id} is also a semi-group. In what follows, we may assume that
G is a semi-group of self-maps of X containing the “multiplication” identity element id.
For any F ⊂ G, write F 0 = {id}. For i ∈ N, write
F i = {f1f2 · · ·fi : fj ∈ F for all j ∈ Ni}, F i∗ =
i⋃
j=0
Fj . (3.1)
Put F∞∗ =
⋃∞
j=0 Fj . It is clear that F∞∗ is a sub-semi-group of G. If F∞∗ = G, then F is said
to be a group of generators of G.
For any x ∈ X and any n ∈ N, write F(x) = {f (x): f ∈ F },
On(x,F ) =
{
ϕ(x): ϕ ∈ Fn∗
}
and O(x,F ) = {ϕ(x): ϕ ∈ F∞∗ }. (3.2)
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BF = B(F) =
{
x ∈ X: O(x,F ) is a bounded set}. (3.3)
For any F and H ⊂ G, write FH = {f h: f ∈ F, h ∈ H }. Let F ⊂ G, X0 ⊂ X, and w ∈ X.
Write F(X0) =⋃{F(x): x ∈ X0}. If F(X0) ⊂ X0, then X0 is said to be an invariant set of F .
If F(w) = {w}, then w is said to be a common fixed point of F . Denote by Fix(F ) the set of all
common fixed points of F .
Definition 3.2. Suppose that X0 is an invariant set of F . The restriction of F to X0 is said to be
a family of weakly non-expansive maps relative to G if limn→∞ diam(F nG({u,v})) = 0 for all
u,v ∈ X0.
For any f ∈ F , it is clear that O(f n(u), f ) ∪ O(f n(v), f ) = ⋃∞i=n{f i(u), f i(v)} ⊂
FnG({u,v}). Hence, comparing Definition 2.1 with Definition 3.2, we get
Lemma 3.1. Suppose that the restriction of F to X0 is a family of weakly non-expansive maps
relative to G, then f |X0 is a weakly non-expansive map for each f ∈ F .
Lemma 3.2. Let f,g ∈ G, F ⊂ G, and n ∈ N. If Fg ⊂ gF , then g(Fix(F n)) ⊂ Fix(F n). If
fg = gf , then g(Fix(f n)) ⊂ Fix(f n).
Proof. For any y ∈ Fix(F n), from Fg ⊂ gF it follows that Fn(g(y)) ⊂ gFn(y) = g({y}) =
{g(y)}, which implies that g(y) is also a common fixed point of Fn, and hence we have
g(Fix(F n)) ⊂ Fix(F n). Similarly, by fg = gf we have g(Fix(f n)) ⊂ Fix(f n). 
Definition 3.3. (See [16].) Let G be a semi-group of self-maps of X, and g ∈ M(X,X). G is
nearly commutative at g if and only if f ∈ G implies that there exists h ∈ G such that fg = gh.
Let P and Q be defined as in (2.4) and (2.3), respectively. For any f ∈ M(X,X), let f ∗ :X →
[0,∞) be defined as in Proposition 2.5.
Theorem 3.1. Suppose that F is a non-empty subset of the semi-group G, id /∈ F , and B(G) 
= ∅.
If G is nearly commutative at each map f ∈ F , and there exist p,q ∈ N and P ∈ P such that, for
any ϕ ∈ Fp , ψ ∈ Fq and x, y ∈ X,
d
(
ϕ(x),ψ(y)
)
 P
(
diam
(
O(x,G)∪O(y,G))), (3.4)
then
(i) G has at most one common fixed point.
(ii) The restriction of F to B(G) is a family of weakly non-expansive maps relative to G.
(iii) If there exist f ∈ F and v ∈ B(G) such that O(v,f ) is a complete subspace of X,
then there exists w ∈ X such that limn→∞ FnG(u) = {w} for each u ∈ B(G) (that is
limn→∞ sup{d(w,y): y ∈ FnG(u)} = 0). In particular, for any ϕ ∈ G, if ϕ∗ is lower semi-
continuous at w, then w is a fixed point of ϕ, and w is the unique fixed point of ϕ|B(G)
whenever ϕ ∈ F .
Furthermore, if w ∈ B(G) and there exists ϕ ∈ F such that ϕ∗ is lower semi-continuous
at w, then w is a unique common fixed point of G.
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Φg ⊂ gΦ for any g ∈ G, then Fix(Φn) = Fix(Φ), Fix(Φ) is a singleton, and this point is
the unique common fixed point of G.
Proof. (i) Noting that P(t) < t (for any t > 0), by (3.4), we can conclude that whenever x 
= y,
x and y are not both common fixed points of G.
(ii) Consider any two points u,v ∈ B(G). Put an = an(u, v) = diam(F nG({u,v})). Since
FnG({u,v}) ⊃ Fn+1G({u,v}), a0  a1  a2  · · · . Since both O(u,G) and O(v,G) are
bounded, a0 < ∞. Let a = limn→∞ an, then a ∈ [0, a0].
Assume a > 0. It follows from (2.4) that there exist positive numbers b > a  c and b1 
a > c1 such that P([0, b]) ⊂ [0, c] and P([0, b1]) ⊂ [0, c1]. Without loss of generality, we may
assume q  p. By (iv) of Proposition 2.4, we may assume P ∈ Q.
Case 1. If an > a for all n ∈ N, then there exist k ∈ N, {x′, y′} ⊂ Fk+qG({u,v}), {x, y} ⊂
FkG({u,v}) and ϕ ∈ Fp , ψ ∈ Fq such that b > ak  d(x′, y′) > a and x′ = ϕ(x), y′ = ψ(y).
Since G is nearly commutative at each map f ∈ F , we have O(x,G)∪ O(y,G) = G({x, y}) ⊂
GFkG({u,v}) ⊂ FkG2({u,v}) ⊂ FkG({u,v}). By (3.4) we get
a < d
(
ϕ(x),ψ(y)
)
 P
(
diam
(
O(x,G)∪O(y,G)))
 P
(
diam
(
FkG
({u,v})))= P(ak) P(b) c.
But this contradicts c a.
Case 2. If there is n0 ∈ N such that an = a for all n  n0, then there exist k ∈ N, {x′, y′} ⊂
Fk+qG({u,v}), {x, y} ⊂ FkG({u,v}) and ϕ ∈ Fp , ψ ∈ Fq such that ak = a  d(x′, y′) > c1
and x′ = ϕ(x), y′ = ψ(y). Therefore, by (3.4) we get
c1 < d
(
ϕ(x),ψ(y)
)
 P
(
diam
(
O(x,G)∪O(y,G)))
 P
(
diam
(
FkG
({u,v})))= P(ak) = P(a) P(b1).
But this contradicts c a, too.
Thus, we must have a = limn→∞ an = 0. It means that the restriction of F to B(G) is a family
of weakly non-expansive maps relative to G.
(iii) If there exist f ∈ F and v ∈ B(G) such that O(v,f ) is a complete subspace
of X, then, by the above conclusion (ii) and Lemma 3.1, we can conclude that f |B(G) is
a weakly non-expansive map. It follows from Proposition 2.2 that there exists w ∈ X such that
limn→∞ f n(v) = w. For any u ∈ B(G), by the above conclusion (ii) and Definition 3.2, we have
limn→∞ diam(F nG({u,v})) = 0. Noting that f n(v) ∈ FnG({u,v}), by limn→∞ f n(v) = w we
can deduce limn→∞ FnG(u) = {w}.
Let ϕ ∈ G and n ∈ N. Since G is nearly commutative at f ∈ F , there exists ϕn ∈ G such that
ϕf n = f nϕn. Hence we have
0 lim sup
n→∞
d
(
ϕf n(v), f n(v)
)= lim sup
n→∞
d
(
f nϕn(v), f
n(v)
)
 lim sup
n→∞
diam
(
FnG(v)
)= 0.
Therefore, when ϕ∗ is lower semi-continuous at w, from limn→∞ f n(v) = w we have
d(ϕ(w),w) = 0, and hence w is a fixed point of ϕ. In particular, when ϕ ∈ F , ϕ has no other
fixed point in B(G) except w since ϕ|B(G) is a weakly non-expansive map.
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a unique fixed point of ϕ|B(G). For any g ∈ G, since G is nearly commutative at ϕ, there exists
gn ∈ G such that gϕn = ϕngn, and hence we can obtain
d
(
g(w),w
)= d(gϕn(w),ϕn(w))= d(ϕngn(w),ϕn(w))
 lim sup
n→∞
diam
(
FnG(w)
)= 0.
Thus, w is a fixed point of g. By the above conclusion (i), w is a unique common fixed point
of G.
(iv) Since Φg ⊂ gΦ (for any g ∈ G), by Lemma 3.2 we have
G
(
Fix
(
Φn
))=⋃{g(Fix(Φn)): g ∈ G}⊂ Fix(Φn). (3.5)
Since Fix(Φn) is non-empty and bounded, G(Fix(Φn)) is also bounded. This means that
Fix(Φn) ⊂ B(G). Therefore, for any u,v ∈ Fix(Φn), from the above conclusion (ii) we have
limi→∞ diam(F iG({u,v})) = 0. On the other hand, for any i ∈ N, we have F iG({u,v}) ⊃
F iF (n−1)i ({u,v}) = F in({u,v}) ⊃ Φin({u,v}) = {u,v}, which implies
lim
i→∞ diam
(
F iG
({u,v})) d(u, v).
Thus d(u, v) = 0, and hence Fix(Φn) contains only one point. Assume that w is the point.
From (3.5) it follows that w is a common fixed point of G. Therefore, we have w ∈ Fix(G) ⊂
Fix(Φ) ⊂ Fix(Φn) = {w}, and hence Fix(Φn) = Fix(Φ) = Fix(G) = {w}. Theorem 3.1 is
proven. 
Many new fixed-point theorems were obtained in the setting of semi-metric and metric spaces
in Jungck [15–17]. Moreover, Theorem 3.6 in [16] generalized Theorem 3.1 and Corollary 2.3
in [15]. For all {r(u), s(v)} ⊂ O(x,G) ∪ O(y,G), we have d(r(u), s(v))  diam(O(x,G) ∪
O(y,G)), and hence P(d(r(u), s(v))) P(diam(O(x,G)∪O(y,G))) for P ∈ P.
Putting F = {g} in Theorem 3.1, we can obtain immediately
Theorem B. (See [16, Theorem 3.6].) Let (X,d) be a metric space, Q ∈ Q, and let G be
a semi-group of self-maps of X which is nearly commutative at some g ∈ G. Suppose that X is
g-orbitally complete and there exists k ∈ N such that for each pair x, y ∈ X, there exists a choice
r, s ∈ G and u,v ∈ {x, y} for which
d
(
gk(x), gk(y)
)
Q
(
d
(
r(u), s(v)
))
.
(i) If there exists a ∈ X such that O(a,G) is bounded, then there exists c ∈ X such that
limn→∞ gn(a) = c. If h is continuous at c for some h ∈ G, then h(c) = c. (Specifically,
g(c) = c if g is continuous at c.)
(ii) If O(x,G) is bounded for each x ∈ X there exists a unique c ∈ X such that gn(x) → c for
all x ∈ X. If g is continuous at c, c is a unique common fixed point for all h ∈ G.
Let the function sets Γ and Γ 1 be defined as in (2.1) and (2.2), respectively.
Lemma 3.3. Suppose {γλ: λ ∈ Λ} is a family of functions in Γ 1, where Λ is an index set. Let
β :Λ → [0,∞) be a map. If γ ≡∑λ∈Λ γλ ∈ Γ 1, then∑
γλ
(
β(λ)
) · β(λ) γ (sup(β(Λ))/2) · sup(β(Λ)). (3.6)
λ∈Λ
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whenever sup(β(Λ)) = ∞, (γ (0)/2) ·∞ = ∞ whenever γ (0) > 0, and (γ (0)/2) ·∞ = 0 when-
ever γ (0) = 0).
Proof. Let λ ∈ Λ. Suppose first β(λ) sup(β(Λ))/2. Since γ is decreasing, we have
γλ
(
β(λ)
) · β(λ) γλ(sup(β(Λ))/2) · sup(β(Λ)). (3.7)
Suppose next β(λ) < sup(β(Λ))/2, then 2γλ(sup(β(Λ))/2)  γλ(0)  γλ(β(λ)), and
hence (3.7) still holds. Therefore, we have ∑λ∈Λ γλ(β(λ)) · β(λ) ∑λ∈Λ γλ(sup(β(Λ))/2) ·
sup(β(Λ)) = γ (sup(β(Λ))/2) · sup(β(Λ)). 
Now we assume that G ⊂ M(X,X) is a semi-group. Write
TG = G×G× N3.
For any g,h ∈ M(X,X) and any x, y ∈ X, similar to (2.7), we put
dgh(x, y) = dgh2(x, y) = d
(
g(x),h(y)
)
,
dgh1(x, y) = d
(
g(x),h(x)
)
, dgh3(x, y) = d
(
g(y),h(y)
)
.
As a corollary of Theorem 3.1, we have
Theorem 3.2. Suppose that {Sλ: λ ∈ Λ} is a family of non-empty subsets of TG, B(G) 
= ∅,
{γλ: λ ∈ Λ} is a family of functions in Γ , where Λ is an index set. Let γ =∑λ∈Λ γλ, ρλ :X ×
X → [0,∞) be a map (λ ∈ Λ), and F be a non-empty subset of G. If G is nearly commutative
at each map f ∈ F , γ ∈ Γ , and
(a) for any λ ∈ Λ and x, y ∈ X,
ρλ(x, y) sup
{
dghk(x, y): (g,h, k) ∈ Sλ
}; (3.8)
(b) there exist p,q ∈ N such that, for any ϕ ∈ Fp , ψ ∈ Fq and x, y ∈ X,
d
(
ϕ(x),ψ(y)
)

∑
λ∈Λ
γλ
(
ρλ(x, y)
) · ρλ(x, y), (3.9)
then the four assertions in Theorem 3.1 hold.
Proof. By (ii) of Proposition 2.3, we may assume each γλ ∈ Γ 1. Let ρ(x, y) = sup{ρλ(x, y):
λ ∈ Λ}, then ρ(x, y)  diam(O(x,G) ∪ O(y,G)). Define P0 and P : [0,∞) → [0,∞) by
P0(t) = γ (t/2) · t , P(t) = sup(P0([0, t])) (for any t  0), respectively. By (i) of Proposition 2.3
we have P0 ∈ P, and by (iv) of Proposition 2.4 we have P ∈ Q. Put β(λ) = ρλ(x, y), then from
the above condition (b) and Lemma 3.3 we can deduce (3.4):
d
(
ϕ(x),ψ(y)
)
 γ
(
ρ(x, y)/2
) · ρ(x, y) = P0(ρ(x, y))
 P
(
diam
(
O(x,F )∪O(y,F ))).
Thus the four assertions in Theorem 3.1 are all valid. 
There are a lot of parameters in Theorem 3.2. Choosing different parameters, from the theorem
we can obtain corresponding corollaries, respectively. For example, take Λ = TG. For any λ =
(g,h, k) ∈ Λ, take Sλ = {λ}, ρλ(x, y) = dghk(x, y), and denote γλ by γghk . Then as an immediate
consequence we obtain
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= ∅, and G is
nearly commutative at each map f ∈ F . If there exist p,q ∈ N and a family of functions
{γghk: (g,h, k) ∈ TG} in Γ such that γ ≡∑{γghk: (g,h, k) ∈ TG} ∈ Γ , ϕ ∈ Fp , and for any
ψ ∈ Fq and x, y ∈ X,
d
(
ϕ(x),ψ(y)
)

∑
(g,h,k)∈TG
γghk
(
dghk(x, y)
) · dghk(x, y), (3.10)
then the four assertions in Theorem 3.1 are all valid.
Putting G = {f n: n ∈ Z+}, F = {f } in Theorem 3.1, we can obtain immediately
Corollary 3.2. Suppose that f is a self-map of X, B(f ) = {x ∈ X: O(x,f ) is bounded} 
= ∅. If
there exists v ∈ B(f ) such that O(v,f ) is a complete subspace of X, and there exist p,q ∈ N
and P ∈ P such that, for any x, y ∈ X,
d
(
f p(x), f q(y)
)
 P
(
diam
(
O(x,f )∪O(y,f ))), (3.11)
then f |B(f ) is a weakly non-expansive map, and there exists w ∈ B(f ) such that
limn→∞ f n(u) = w for any u ∈ B(f ). Furthermore, if f ∗ is lower semi-continuous at w, then
w is a unique fixed point of f .
Since diam(Op(x,f )∪Oq(y,f )) diam(O(x,f )∪O(y,f )), from Corollary 3.2, together
with the equivalence of (x) and (i) in Proposition 2.5, we can obtain immediately the following
theorem, which was first proved by Jachymski [10].
Theorem C. (See [10].) Suppose that f is a self-map of X, and (X,d) is f -orbitally complete.
If there exist p,q ∈ N and Q ∈ Q such that
d
(
f p(x), f q(y)
)
Q
(
diam
(
Op(x,f )∪Oq(y,f )
))
, for any x, y ∈ X, (3.12)
and there is x0 ∈ X such that O(x0, f ) is bounded, then
(i) the sequence {f n(x0): n = 0,1,2, . . .} converges to some point z ∈ X, and for any x ∈ X,
limn→∞ f n(x) = z whenever O(x,f ) is bounded; and
(ii) if the condition (3.12) can be strengthened to be
d
(
f p(x), f q(y)
)
Q
(
diam
(
Op(x,f )∪
{
y,f q(y)
}))
, for any x, y ∈ X,
then z is the unique fixed point of f .
Remark 3.1. Corollary 3.2 is similar to Corollary 2.3 in Jungck [15]. The contractive condi-
tion (3.11) of Corollary 3.2 is weaker than that of Corollary 2.3 in [15] as follows:
(∗′) for any x, y ∈ X there exists {x′, y′} ⊂ O(x,f )∪O(y,f ) such that
d
(
f k(x), f k(y)
)
Q
(
d(x′, y′)
)
(where Q ∈ Q). In fact, for all {x′, y′} ⊂ O(x,f )∪O(y,f ), we have d(x′, y′) diam(O(x,f )∪
O(y,f )), and hence P(d(x′, y′)) P(diam(O(x,f )∪O(y,f ))) for P ∈ P.
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some succinct results. For example, by Corollary 3.1 and Proposition 2.5 we have
Corollary 3.3. Suppose that f is a self-map of X, B(f ) = {x ∈ X: O(x,f ) is bounded} 
= ∅.
Let dijk :X×X → [0,∞) be defined as in (2.7). If there exist p,q ∈ N and a family of functions
{γijk: i ∈ Z+, j ∈ Z+, k ∈ N3} in Γ such that γ ≡∑∞i=0∑∞j=0∑3k=1 γijk ∈ Γ , and for any
x, y ∈ X,
d
(
f p(x), f q(y)
)

∞∑
i=0
∞∑
j=0
3∑
k=1
γijk
(
dijk(x, y)
) · dijk(x, y), (3.13)
then f |B(f ) is a weakly non-expansive map. Furthermore, if (X,d) is complete (or (X,d) is
f -orbitally complete, or f has a bounded orbit whose closure is complete), and f is continuous
(or f ∗ is lower semi-continuous, or f ∗ is lower semi-continuous on the closure of some bounded
orbit of f ), then f has a unique fixed point.
4. Contractive conditions not relying on the boundedness of orbits
The contractive condition (3.4) in Theorem 3.1 is rather weak. Choosing a suitable semi-
group G and a suitable subset F , we can deduce (3.4) from each of conditions (3.9)–(3.13) in
Theorem 3.2, Theorem C and Corollaries 3.1–3.3, respectively. However, this condition relies
on B(G) 
= ∅. Namely, it can function relying on the existence of a bounded orbit. If B(G) = ∅,
then it cannot be deduced only from the condition (3.4) that f ∈ F is a weakly non-expansive
map. It is easy to illustrate it, for instance, see Example 2.2 in [15]. In this section, we present
relatively weak contractive conditions which generate bounded orbits O(v,G) without initially
demanding that B(G) 
= ∅.
Definition 4.1. Let G ⊂ M(X,X) be a semi-group. If there exists a group of generators F of G
such that
lim
n→∞ diam
(
FnG
({x, y}))= 0, for any x, y ∈ X, (4.1)
then G is said to be a weakly non-expansive semi-group.
When F is a group of generators of G, it is clear that(
G− {id})nG ⊂ FnG. (4.2)
Hence, comparing Definition 4.1 with Definition 3.2, we have
Proposition 4.1. Suppose that G is a weakly non-expansive semi-group. Then G−{id} is a family
of weakly non-expansive maps of X relative to G, and hence every ϕ ∈ G−{id} is a weakly non-
expansive map of X.
Theorem 4.1. Suppose F is a group of generators of a semi-group G ⊂ M(X,X), and G is
nearly commutative at each map f ∈ F . If F is a finite set, and there exist p,q ∈ N and Q ∈ Q∞
such that, for any ϕ ∈ Fp , ψ ∈ Fq and x, y ∈ X,
d
(
ϕ(x),ψ(y)
)
Q
(
diam
(
Op(x,F )∪Oq(y,F )
))
, (4.3)
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and the four assertions in Theorem 3.1 are all valid.
Proof. Since Q∞ ⊂ Q ⊂ P, and Op(x,F ) ∪ Oq(y,F ) ⊂ O(x,G) ∪ O(y,G), from (4.3) we
have (3.4). Thus, by Theorem 3.1 and Definition 4.1, it suffices to show B(G) = X. In other
words, it suffices to show that O(v,G) is a bounded set for any v ∈ X.
For any two integers j > i  1 and g = fk1fk2 · · ·fkj−i fkj−i+1 · · ·fkj ∈ Fj , write g(i) =
fk1fk2 · · ·fkj−i , g(j) = id. For any i ∈ Z+, write Di(v) = diam(Oi(v,F )). Since Oi(v,F ) is
a finite set, Di(v) < ∞. Since Q ∈ Q∞ = ⋃∞m=1 Qm, there exists m ∈ N such that Q ∈ Qm.
By (2.5) there exists t0 > 0 such that
t −Qm(t) > 2Dmp(v), for all t > t0. (4.4)
If O(v,G) is unbounded, then there exists some integer b >m(p + q) such that
Db(v) > max
{
t0,Db−1(v)
}
. (4.5)
By (4.3) and (4.5) there exist a ∈ Zp−1 and ϕa ∈ Fa , ϕb ∈ Fb such that d(ϕa(v),ϕb(v)) = Db(v).
Therefore, we have
d
(
ψ(v),ϕb(v)
)
Db(v)−Dmp(v), for any ψ ∈ Fmp∗ . (4.6)
Choose arbitrarily gm ∈ Fmp , and put hm = ϕb . For n = m − 1,m − 2, . . . ,1,0, from (4.3) it
follows that there exist gn ∈⋃mpj=np F j and hn ∈⋃bk=b−mq+nq F k such that
d
(
gn+1(v), hn+1(v)
)
Q
(
diam
(
Op
(
g
(p)
n+1(v),F
)∪Oq(h(q)n+1(v),F )))
= Q(d(gn(v),hn(v))). (4.7)
Combining (4.7) and (4.4), (4.5), we get
d
(
gm(v),hm(v)
)
Q
(
d
(
gm−1(v), hm−1(v)
))
Q2
(
d
(
gm−2(v), hm−2(v)
))
 · · ·
Qm
(
d
(
g0(v), h0(v)
))
Qm
(
Db(v)
)
<Db(v)− 2Dmp(v). (4.8)
On the other hand, by (4.6) we have d(gm(v),hm(v))  Db(v) − Dmp(v), which contra-
dicts (4.8). Thus, O(v,G) must be bounded. Theorem 4.1 is proven. 
Let f ∗ be defined as in Proposition 2.5. Noting that Q1 is a proper subset of Q∞, and putting
G = {f n: n ∈ Z+}, F = {f }, from Theorem 4.1 and Proposition 2.5 we can deduce the following
theorem, which was proven by Jachymski [10] and generalized every theorem due to Rhoades
and Watson [28].
Theorem D. (See [10, Theorem 2].) Let f :X → X be a map. If (X,d) is f -orbitally complete,
and there exist p,q ∈ N and Q ∈ Q1 such that
d
(
f p(x), f q(y)
)
Q
(
diam
(
Op(x,f )∪Oq(y,f )
))
, for any x, y ∈ X,
then there exists z ∈ X such that limn→∞ f n(x) = z for all x ∈ X. Furthermore, z is a unique
fixed point of f if and only if f ∗ is lower semi-continuous at z (where f ∗ is defined as in
Proposition 2.5).
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Tpq = Zp × Zp × {1} ∪ Zp × Zq × {2} ∪ Zq × Zq × {3}, (4.9)
then Tpq is a subset of Z+ × Z × N3.
Putting G = {f n: n ∈ Z+} and F = {f }, from Theorem 4.1 we can also obtain
Theorem 4.2. Suppose that p,q and m ∈ N, S1, S2, . . . , Sm are all non-empty subsets of Tpq ,
{γ1, γ2, . . . , γm} ⊂ Γ , and ρn :X×X → [0,∞) is a map (n = 1,2, . . . ,m). If γ ≡∑mn=1 γn ∈ Γ ,
and
ρn(x, y)max
{
dijk(x, y): (i, j, k) ∈ Sn
}
, for any n ∈ Nm, x, y ∈ X, (4.10)
d
(
f p(x), f q(y)
)

m∑
n=1
γn
(
ρn(x, y)
) · ρn(x, y), for any x, y ∈ X, (4.11)
then f is a weakly non-expansive map.
The proof of Theorem 4.2 is similar to that of Theorem 3.2, and is omitted.
There are many optional parameters in Theorem 4.2. For instance, in this theorem, let Sn =
{(in, jn, kn)} be a singleton, and ρn(x, y) = dinjnkn(x, y) (n = 1, . . . ,m), then we have
Corollary 4.1. Suppose p,q ∈ N, and S is a non-empty subset of Tpq . If there exists γijk ∈ Γ
such that γ ≡∑(i,j,k)∈S γijk ∈ Γ for any (i, j, k) ∈ S, and for any x, y ∈ X,
d
(
f p(x), f q(y)
)

∑
(i,j,k)∈S
γijk
(
dijk(x, y)
) · dijk(x, y),
then f is a weakly non-expansive map.
In Theorem 4.2, taking m = 1, and putting ρ1(x, y) = max{dijk(x, y): (i, j, k) ∈ S1}, we have
Corollary 4.2. Suppose p,q ∈ N, γ ∈ Γ , and S is a non-empty subset of Tpq . Let
ρS(x, y) = max
{
dijk(x, y): (i, j, k) ∈ S
}
. (4.12)
If
d
(
f p(x), f q(y)
)
 γ
(
ρS(x, y)
) · ρS(x, y), for any x, y ∈ X, (4.13)
then f is a weakly non-expansive map.
From Corollary 4.2 we can deduce easily the following theorem, which is the main result of
Guo [6].
Theorem E. (See [6].) Let (X,d) be a complete metric space, and f be a self-map of X. Write
Dm(x, y) = max
{
d
(
f i(x), f i(y)
)
: i ∈ Zm−1
}
. (4.14)
If there exist β : [0,∞) → [0,∞) and m ∈ N such that
sup
{
β(t): t  a
}
< 1, for all a > 0, (4.15)
d
(
fm(x), f m(y)
)
 β
(
Dm(x, y)
) ·Dm(x, y), for any x, y ∈ X, (4.16)
and there is n ∈ N such that f n is continuous, then f has a unique fixed point.
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γ (t) = sup(β([t,∞))), for all t > 0,
γ (0) = lim
t→0γ (t).
Then γ ∈ Γ . Take p = q = m. Let S = {(i, i,2): i ∈ Zm−1}. Then S ⊂ Tmm, ρS(x, y) =
Dm(x, y), and (4.16) implies (4.13). Therefore, by Corollary 4.2, f is a weakly non-expansive
map. By Proposition 2.1, f n is also a weakly non-expansive map. Since f n is continuous and
(X,d) is complete, by the equivalence of (vii) and (i) of Proposition 2.5, f n has a unique fixed
point, and hence f has a unique fixed point. Theorem E is proven. 
From Theorem 4.2 we can also obtain
Theorem 4.3. Let p,q ∈ N, (i0, j0, k0) ∈ Tpq , and γ, γ ′ ∈ Γ . If γ + γ ′ ∈ Γ , γ ′(0) > 0, and for
any x, y ∈ X,
d
(
f p(x), f q(y)
)
 γ
(
di0j0k0(x, y)
) · diam(Op(x,f )∪Oq(y,f ))
+ γ ′(di0j0k0(x, y)) · di0j0k0(x, y), (4.17)
then f is a weakly non-expansive map.
Proof. Define γ1 and γ2 : [0,∞) → [0,∞) by γ1(t) ≡ γ (0), γ2(t) = max{γ (t) + γ ′(t) − γ (0),
γ ′(0)/2} (for any t ∈ [0,∞)), then γ1, γ2 and γ1 + γ2 ∈ Γ . Take m = 2, S1 = Tpq , S2 =
{(i0, j0, k0)}, and put ρ1(x, y) = diam(Op(x,f ) ∪ Oq(y,f )), ρ2(x, y) = di0j0k0(x, y). For
t1  t2  0, noting that γ (t2)− γ1(t1) = γ (t2)− γ (0) 0, we have
γ (t2) · t1 + γ ′(t2) · t2 = γ1(t1) · t1 +
[
γ (t2)− γ1(t1)
] · t1 + γ ′(t2) · t2
 γ1(t1) · t1 +
[
γ (t2)− γ (0)
] · t2 + γ ′(t2) · t2
= γ1(t1) · t1 + γ2(t2) · t2. (4.18)
Consider the case when t1 = ρ1(x, y) and t2 = ρ2(x, y). Combining (4.17) and (4.18), we have
d
(
f p(x), f q(y)
)

2∑
n=1
γn
(
ρn(x, y)
) · ρn(x, y).
Therefore, by Theorem 4.2, f is a weakly non-expansive map. 
As a consequence of Theorem 4.3 and Proposition 2.5, we have the following theorem, which
is one of the main results of Rhoades [27].
Theorem F. (See [27].) Let (X,d) be a complete metric space, and f :X → X be a continuous
self-map. If there exists {γ1, . . . , γ5} ⊂ Γ such that ∑5i=1 γi ∈ Γ , and for any x 
= y ∈ X,
d
(
f (x), f (y)
)
 γ1
(
d(x, y)
) · d(x,f (x))+ γ2(d(x, y)) · d(y,f (y))
+ γ3
(
d(x, y)
) · d(x,f (y))+ γ4(d(x, y)) · d(y,f (x))
+ γ5
(
d(x, y)
) · d(x, y), (4.19)
then f has a unique fixed point w, and limn→∞ f n(v) = w for each v ∈ X.
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plies (4.17). Therefore, by Theorem 4.3, f is a weakly non-expansive map. Since X is complete
and f is continuous, by Proposition 2.5, f has a unique fixed point w. By Definition 2.1,
limn→∞ f n(v) = w for each v ∈ X. 
Remark 4.1. In general, when (X,d) is only a T2 semi-metric space, none of theorems and
corollaries in this section holds.
For example, let X = N, G = {f n: n ∈ Z+}, F = {f }, where f :X → X is defined by
f (i) = i + 1 (for any i  1). Define the semi-metric d on X by d(i, j) = d(j, i) = 2j−i (for any
j > i  1). Then for any p,q ∈ N and i, j ∈ N, we have d(f p(i), f q(j)) 12 diam(Op(i, f ) ∪
Oq(j,f )). However, f is not a weakly non-expansive map.
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